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Abstract. During eruption, lava domes and flows may become unstable and 
generate dangerous explosions. Fossil lava-filled eruption conduits and ancient 
lava flows are often characterized by complex internal variations of gas content. 
These observations indicate a need for accurate predictions of the distribution of 
gas content and bubble pressure in an eruption conduit. Bubbly magma behaves 
as a compressible viscous liquid involving three different pressures: those of the 
gas and magma phases, and that of the exterior. To solve for these three different 
pressures, one must account for expansion in all directions and hence for both 
horizontal and vertical velocity components. We present a new two-dimensional 
finite element numerical code to solve for the flow of bubbly magma. Even with 
small dissolved water concentrations, gas overpressures may reach values larger than 
I MPa at a volcanic vent. For constant viscosity the magnitude of gas overpressure 
does not depend on magma viscosity and increases with the conduit radius and 
magma chamber pressure. In the conduit and at the vent, there are large horizontal 
variations of gas pressure and hence of exsolved water content. Such variations 
depend on decompression rate and are sensitive to the "exit" boundary conditions 
for the flow. For zero horizontal shear stress at the vent, relevant to lava flows 
spreading horizontally at the surface, the largest gas overpressures, and hence the 
smallest exsolved gas contents, are achieved at the conduit walls. For zero horizontal 
velocity at the vent, corresponding to a plug-like eruption through a preexisting lava 
dome or to spine growth, gas overpressures are largest at the center of the vent. The 
magnitude of gas overpressure is sensitive to changes of magma viscosity induced 
by degassing and to shallow expansion conditions in conduits with depth-dependent 
radii. 

1. Introduction 

Key volcanological phenomena such as degassing and 
lava dome explosions depend on the dynamics of magma 
ascent toward Earth's surface [Newhall and Melson, 
1983; Newman et al., 1988; Sparks, 1997]. Many dif- 
ferent effects are involved, such as large viscosity varia- 
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tions due to degassing and gas loss through permeable 
conduit walls. For this reason, it has been difficult to 
use theoretical models when assessing specific eruptive 
sequences, and many efforts have been made to derive 
constraints on ascent condition• from petrological stud- 
ies. For example, the presence and abundance of mi- 
crolites as well as changes of phenocryst composition 
can be linked to decompression and volatile exsolution 
[Swanson et al., 1989; Rutherford and Hill, 1993; Cash- 
man and Blundy, 2000]. However, the observations only 
provide a record of gas pressure changes and may not 
be related simply to bulk flow conditions [Massol and 
Jaupart, 1999]. Furthermore, there is plenty of evidence 
for complex variations of gas content in lava flows and 
domes as well as fossil eruption conduits [Stasiuk et al., 

16,223 



16,224 MASSOL ET AL.: ASCENT OF VESICULAR MAGMA 

1996; Anderson and Fink, 1990; Sato et al., 1992]. Such 
complexities cannot be understood within the frame- 
work of existing eruption models which rely on horizon- 
tally averaged quantities in a volcanic conduit [Woods, 
1995; Jaupart, 1996; Melnik and Sparks, 2001]. 

Gas exsolution and bubble growth in magmas have 
been studied by a number of authors [Sparks, 1978; 
Proussevitch et al., 1993; Navon et al., 1998; Barclay et 
al., 1995; Lyakhovsky et al., 1996]. It has been shown 
that gas overpressure may develop inside bubbles due 
to the large viscosity of natural magmas [Sparks, 1978]. 
Most of these studies have relied on "shell" models, 
such that one bubble surrounded by its small volume 
of melt expands under prescribed decompression con- 
ditions [Proussevitch et al., 1993; Lyakhovsky et al., 
1996]. However, decompression depends on both the 
ascent rate and on density changes due to pressure re- 
lease. Thus the rates of decompression and flow are 
coupled together and must be solved for simultaneously 
for given boundary conditions. Such a self-consistent 
solution for the evolution of gas pressures in volcanic 
eruptions has not been attempted. 

Viscous compressible flows seem to be a neglected 
topic in fluid dynamics, presumably due to limited ap- 
plicability in fields other than physical volcanology, and 
hence there is a need for some systematic research in 
this area. In a previous study [Massol and Jaupart, 
1999] we have presented a simplified model to investi- 
gate the conditions which lead to an overpressured gas 
phase at a volcanic vent. We showed that gas over- 
pressure varies horizontally in the eruption conduit and 
is an increasing function of eruption rate. This study 
captures the basic physical principles involved but re- 
lies on several simplifying assumptions which must be 
assessed with a general solution. For example, it was 
assumed that motion is purely vertical, whereas lat- 
eral pressure variations are likely to drive flow in the 
horizontal direction. Furthermore, the solutions could 
only be obtained for constant and small compressibility, 
whereas volatile exsolution and gas expansion lead to 
a significant increase of compressibility as pressure de- 
creases. Another interesting problem arises when spec- 
ifying boundary conditions at the conduit exit, where 
expansion conditions are sensitive to flow in all direc- 
tions. For these reasons, we have developed a finite 
element numerical code to solve for compressible vol- 
canic flows in two dimensions. The code was written 

to handle complex and large variations of rheological 
properties as well as vertical variations of conduit size. 

The purpose of the present study is twofold. First, we 
derive the full set of governing equations for compress- 
ible viscous flows, discuss the boundary conditions re- 
quired for a solution and describe the numerical method 
implemented. Second, we investigate the novel dynami- 
cal aspects of such flows. For the sake of clarity we con- 
sider first cases with constant viscosity and a straight 
conduit. We show how the flow characteristics depend 
on boundary conditions and input parameters, such as 

reservoir pressure and conduit radius. We study in de- 
tail how exit conditions affect eruption behavior and 
investigate the effects of variations of conduit radius 
and changes of magma viscosity due to degassing. Vol- 
canological implications are discussed briefly at the end 
of the paper. 

2. Flow of Bubbly Magma 
2.1. Three Different Pressures 

In a bubbly flow, gas bubbles expand and hence are 
at a different pressure than surrounding liquid. Fur- 
thermore, because of the flow the liquid pressure is not 
equal to the country rock pressure. As we shall see, 
upon exit, the finite rate of expansion implies that the 
liquid pressure is not equal to the atmospheric pres- 
sure. Thus, in general, one must solve for two different 
pressures, corresponding to the liquid and gas phases. 
To illustrate the novel physics of such flows, we take 
the simplest rheological equation which allows a self- 
consistent solution. The most general theological law 
for a Newtonian compressible fluid is 

,- -- pS- 21•z + •l•- K (V.•)8 (1) 
- - - x (2) 

where •- is the stress tensor, z is the deformation rate 
tensor, 8 is the identity tensor, and U is the velocity 
field. Three viscosity coefficients are involved, the shear 
viscosity/•, the bulk viscosity K, and coefficient X which 
combines the two. The bulk flow pressure Pb is the sum 
of the thermodynamic pressure p and viscous stresses 
due to expansion: 

Pb = P- K (V.•). (3) 

We neglect the effects of volatile species diffusion and 
assume bulk equilibrium between gas and liquid. This 
assumption is valid for the relatively slow flows of rele- 
vance to lava domes [Lyakhovsky et al., 1996; Navon et 
al., 1998]. Assuming thermodynamic equilibrium, the 
gas pressure is the relevant pressure for solubility re- 
lationships and for the equation of state. Magmas are 
weakly compressible compared to gas and can be taken 
as incompressible liquids. In this case, the above rhe- 
ological equation can be derived from a "shell" model 
of bubbly magma [Prud'homme and Bird, 1978] (de- 
tails can be found in Appendix A). For typical volcanic 
bubble sizes, one may neglect surface tension, and ther- 
modynamic pressure p is equal to the gas pressure in a 
bubble 

p - pg . (4) 

The shell model leads to an explicit equation for bulk 
viscosity K: 

4 1-c• 
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where • is the volume fraction of gas and •t is the vis- 
cosity of magma. Given the approximations of the shell 
model, this relationship is valid only at small values of 
the gas volume fraction. There are unfortunately no re- 
liable theory and experimental determinations for K at 
all values of the gas volume fraction [Bagdassarov and 
Dingwell, 1993], and we shall carry out many calcula- 
tions for K = 0. By definition, K is positive, and hence 
calculations made for K = 0 lead to underestimate the 
values of gas pressure. 

2.2. Governing Equations 

We assume equilibrium degassing conditions and take 
the following solubility law: 

x - sV/-•, (6) 

where x is the mass fraction of volatiles which may be 
dissolved in the melt at pressure p and s is a coefficient 
determined from experiment. For water in silicic melts, 
we take s - 4.11 x 10 -6 Pa -1/2. Note that solubil- 
ity is written in terms of gas pressure and not of bulk 
flow pressure. The density of the magma/gas mixture 
is given by [Jaupart and Tait, 1990] 

1 l-x0 1 (x0-x)] -1 - -- (7) 
P Pt 1 - x P9 1 - x ' 

where x0 is the initial water concentration in the melt, 
Pt is magma density, and pg is gas density. In this paper, 
we consider that water is the only volatile species and 
use the ideal gas law for pg. 

Neglecting cooling due to surrounding rocks and as- 
suming steady state conditions, the conservation equa- 
tions are 

Op 1 0 (pru) 0 (pw) =o, (8) 
Ot r Or Oz 

Ou Ou Ou 

+ Purr r + pw Oz 

o r 
_ _Op + (Ou __ 

Or r Or 

(9) 

(10) 

where u and w are the radial and vertical velocity com- 
ponents. The advection terms have been retained for 
the sake of generality, even though they are likely to 
be small at the small Reynolds numbers of lava flow 
eruptions. Note that several new terms are introduced 
which are neglected in classical volcanic flow models. 

In particular, there are horizontal velocity components 
and vertical gradients of the normal stress component 
rzz. We shall see that compressibility induces horizon- 
tal flow even if the conduit has straight vertical walls. 

2.3. Boundary Conditions 

For simplicity, we assume that the densities of coun- 
try rock and bubble-free magma are equal. We consider 
fixed pressure conditions at the top of a magma reser- 
voir located at depth H beneath Earth's surface: 

Po - Pa + pogH + AP, (11) 

where AP is an overpressure due to the previous his- 
tory of replenishment and crystallization. For a straight 
conduit the incompressible flow solution is very well un- 
derstood and there is no need to investigate it further. 
Thus we start the calculations at the saturation pres- 

sure Ps such that 

x0 = sV/-•, (12) 

where x0 is the initial volatile concentration of magma. 
The saturation pressure is reached at some depth h 
which depends on (2, the eruption mass flux. (2 de- 
pends on AP and must be solved for. 

The computational domain extends from z = 0 (at 
the bottom) to z = h at the top. In practice, h is 
not known a priori and is fixed at some arbitrary value. 
(2 is then solved for, and the corresponding value of 
AP is calculated using the incompressible flow solution 
between depths H and h: 

pøaa(•i--Ps ) Q- 8l• -- - h - Pøg ß (13) 
Four boundary conditions are required in each direc- 

tion (r, z). No slip is allowed at the rigid nondeformable 
conduit walls: 

At r - a, w - u - 0. (14) 

At the conduit axis, by symmetry, 

Ow 

Atr-0, u- Or =0' (15) 
Below the saturation level, conditions are those of an 

incompressible liquid flowing in a conduit with straight 
walls, such that pressure is uniform in a horizontal cross 
section and that there are no horizontal velocity com- 
ponents. Thus, at z - 0, there is no vertical gradient 
of vertical velocity and the vertical normal stress •-zz is 
equal to the saturation pressure: 

At z-0, rzz = P• (16) 
u - 0. (17) 

At the top of the conduit (z - h), flow conditions 
depend on how lava spreads away from the vent. As 
usual, boundary conditions are in fact simplifications 
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Figure 1. Integration domain and boundary condi- 
tions. The computational domain is limited to the com- 
pressible part of the flow, such that pressures are below 
the saturation value. Note that at the top there are two 
possibilities. Variable u = 0 corresponds to plug flow 
or spine growth. Variable rrz corresponds to a lava flow 
spreading horizontally away from the vent. 

to the full coupled problem and we consider two limit 
cases. In the first one, lava may be so viscous so that 
it cannot spread horizontally under its own weight. In 
this case, it forms a "spine" which rises vertically out 
of the vent. When a dome has been built over the vent 

for some time, the pre-existing lava is colder away from 
the vent and there is a gradient of viscosity within the 
dome. This acts to "channel" the flow vertically, as 
in a plug. Both situations may be represented approx- 
imately by a condition of zero horizontal velocity at 
the vent. In the other limit case, no spine forms and 
lava spreads horizontally to feed a lava flow. The shear 
stress at the base of the surface flow depends on the flow 
shape [Huppert, 1982]. At the axis, by symmetry, the 
flow thickness is maximum and the basal shear stress 

is zero. In this case, the proper condition at the vent 
is thus one of zero horizontal shear stress. At the vent, 
the continuity of normal stress leads to set rz• equal 
to the weight of the overlying lava. For the beginning 
of an eruption, this thickness is zero and hence we set 
r• at the atmospheric value. To summarize, boundary 
conditions at the top of the conduit are as follows: 

At z- h, r•z -pa, (18) 

or 

u -- 0 (19a) 
rrz --0. (19b) 

Figure 1 illustrates the different boundary conditions 
used. In one-dimensional models with no horizontal ve- 

locity, exit boundary conditions are considerably sim- 
pler because pressures in both the liquid and gas phases 
are equal and equal to the external pressure, which is 
known. In the present model, these two pressures must 
be calculated as part of the solution. We shall see that, 
at the two ends of the integration domain, flow con- 
ditions vary rapidly over vertical distances called the 
"entry" and "exit" lengths. Note that, at the vent, the 
flow pressure is larger than the atmospheric value be- 
cause the flow is expanding at that level. 

2.4. Scaling Considerations 

In order to obtain dimensionless governing equations, 
we first subtract the hydrostatic equilibrium equation 
for a static volatile-free magma column, with density 
equal to p0 everywhere. Height and radial distance are 
scaled to the total conduit length H and to the conduit 
radius a, respectively. Velocities may be scaled with 
the value for Poiseuille flow, a2AP/tzoH, where /z0 is 
the viscosity of saturated magma. The governing equa- 
tions introduce two dimensionless numbers, the conduit 
aspect ratio a/H and a Reynolds number 

Re - pøa3 AP /•02 H . (20) 
A volcanic conduit is such that a/H << 1. Stan- 

dard dimensional arguments then imply that horizontal 
velocity components are smaller than vertical ones and 
that horizontal derivatives dominate over vertical ones. 

Furthermore, for nonexplosive eruptions, the Reynolds 
number is small and hence inertial terms are neglected 
[Wilson et al., 1980; Jaupart and Tait, 1990; Woods, 
1995]. This leads to what can be called the "standard" 
effusive eruption model. In fact, velocity and pressure 
vary by large amounts over a small vertical extent near 
the top of the conduit [Massol and Jaupart, 1999]. In 
this case, the relevant vertical scale is not H and cor- 
responds to the height over which density varies signif- 
icantly. Gas pressure varies in both directions, and its 
value at the vent cannot be fixed a priori, implying that 
no simple height scale can be extracted from the equa- 
tion of state. The gas overpressure at the vent probably 
takes values that are small compared to the overall pres- 
sure difference between top and bottom; however, this 
is the variable we seek to estimate, and it is difficult 
to simplify the equations without affecting the reliabil- 
ity of the result. For these reasons, we have left the 
equations in their dimensional form and have kept all 
terms. 

2.5. Numerical Method 

The governing equations have been solved with a fi- 
nite element numerical method. The basic structure of 
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Table 1. T•ble of Input Parameters a 

Figure 8, 
Figures 2-4, Plate 1, 
Figure 7(2), Figure 9(2), 
Figure 9(1), Figure 12(2), 
Plate 2 and Plate 3 and 

Figure 10(1) Figure 7(1) Figure 10(2) Plate 4 
Plate 5 and 

Figure 12(1) 

Boundary condition, u = 0 rrz = 0 rrz = 0 r• = 0 r• = 0 
Mass flux, kg S --1 3.38 x 106 3.6 x 106 3.8 x 106 10.6 x 106 4.05 x 106 
p(0, H), MPa 0.56 0.67 0.42 0.34 0.55 
p(a, H), MPa 0.1 1.5 1.5 1.1 1.5 
AP, MPa 8.85 9.50 9.80 2.71 x 101 1.11 x 101 
Re 0.13 0.14 0.15 0.42 0.16 

aln all calculations, H - 1000 m, a - 25 m,/• = 10 6 Pa s and x0 = 0.5 wt %. 

the code has been borrowed from Pepper and Heinrich 
[1992], and we have added new terms in the momentum 
equation corresponding to the new rheology. The equa- 
tions are solved in their weak formulation, and details 
can be found in Appendix B. 

3. Compressible Flow Dynamics 

In this section we illustrate the novel dynamical as- 
pects of viscous compressible flows using one particu- 
lar exit boundary condition u = 0. This boundary 
condition is adopted implicitly in the standard one- 
dimensional eruption model. We use the following val- 
ues for the various variables: H=1000 m, a=25 m, and 
x0=0.5 wt % (Table 1). 

3.1. Basic Principles 

A simplified model for small and constant compress- 
ibility allows an analytical solution, which is useful to 
understand the behavior of compressible viscous flows 
[Massol and Jaupart, 1999]. Horizontal velocity compo- 
nents are neglected, and the equation of state for the 
mixture is 

p = p0 [1 +/• (p - P0)], (21) 

where 3 stands for compressibility. With these simpli- 
fications, gas overpressure varies in the horizontal di- 
rection with a maximum value at the conduit axis and 

reaches its largest value PH at the vent: 

4 a 2 PH --Pa K+ •t• 
= •AP•-- = D. (22) po - Pa 81-• H 2 

Equation (22) illustrates two effects which are intu- 
itively obvious. The gas overpressure at the vent is 
an increasing function of driving pressure AP. It also 
increases with compressibility/•. This equation further 
shows a key point about magma viscosity/•. The second 
viscosity coefficient K is proportional to magma viscos- 
ity (equation (5)), and hence/• can be cancelled from ra- 
tio (K+ 4 •/•)/8/• in (22). Here two effects counterbalance 

one another. Increasing magma viscosity decreases the 
eruption mass flux and hence the decompression rate, 
which acts to decrease gas overpressure. However, in- 
creasing magma viscosity simultaneously acts to impede 
gas expansion and hence to increase gas overpressure. 
In this simple model, therefore, gas overpressure does 
not depend on magma viscosity. 

The simple model sheds light on some basic princi- 
ples of compressible flow dynamics at the cost of im- 
portant simplifications and must be assessed with a full 
2-D model and more complicated equations of state. 
According to (7), compressibility is not small even at 
small initial volatile concentrations. For example, for 
x0=0.5 wt %, the mixture density varies by more than 
1 order of magnitude between the saturation and atmo- 
spheric pressures. Furthermore, compressibility varies 
with pressure. 

3.2. Horizontal Velocity 

Starting from z = 0 at depth h beneath Earth's sur- 
face, horizontal velocity develops due to compressibility 
(Figure 2). The vertical velocity profile differs slightly 
from the Poiseuille profile of the incompressible solution 
due to horizontal flow and horizontal variations of den- 

sity (Figure 3). The horizontal velocity at midheight 
of the compressible part of the flow (at z = hi2) is a 
small fraction of the maximum vertical velocity (0.5%). 
This is due to the fact that, in this particular calcula- 
tion, horizontal velocity values are set to zero at the top 
of the conduit. We show below that for the other exit 

boundary condition (rrz = 0), values of horizontal ve- 
locity become comparable to those of vertical velocity. 

3.3. Horizontal Variations of Pressure 

Pressure is not constant in a horizontal cross section 

(Figure 4). For the u = 0 exit boundary condition, 
pressure is greater at the center than at the edges along 
the entire height of the conduit. With little horizontal 
motion, gas pressure variations are due to horizontal 
variations of decompression rate in the conduit. For a 
material point the decompression rate in steady flow is 
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Figure 2. Radial profiles of horizontal velocity at dif- 
ferent heights above the saturation level. Parameters 
used in this calculation are listed in Table 1. Note that 

the velocity profile changes over a small vertical dis- 
tance. 

Dp Op Op (23) Dt = U•rr + W o-•' 
For small horizontal velocities, 

Dp Op 
• w--. (24) Dt Oz 

Vertical velocity w varies from a maximum at the con- 
duit axis to zero at the walls and hence so does the 

decompression rate. Because of this, gas pressure is 
greater at the axis than at the walls. This simple be- 

havior breaks down at shallow levels beneath the vent 

for the zero shear stress exit boundary condition. In 
that case, as discussed below, a large horizontal flow 
component generates a different horizontal gas pressure 
profile. 

3.4. New Terms in the Momentum Balance 

In the vertical momentum equation (10) we separate 
the viscous terms in two groups: 

10 ( Ow ) (25) 

V•. - /u Ou 02u r Oz +/u OzOr 
02W 

+ (2u + Oz 2 
( 02u 

+ A k, OrOz ion) + - (26) r•zz ' 

The first group corresponds to what is retained in the 
standard 1-D model, and the second group has all the 
additional viscous terms. We find that the V1/V2 ra- 
tio typically reaches values of 0.25 near the top of the 
conduit. The standard model fails because vertical gra- 
dients of velocity and horizontal velocities are not neg- 
ligible. 

The difference with the standard model is more dra- 

matic for the radial momentum equation which is usu- 
ally simplified to Op/Or • O. For this equation the 
extra terms are all significant and introduce horizontal 
pressure variations. 

We found that the "bulk" Reynolds number given by 
Re = Q/a/u, where Q is the mass flux of the eruption, 

• 4 

< 3 

0 5 10 15 20 25 

RADIUS (m) 

Figure 3. Radial profile of gas pressure at the vent. For this exit boundary condition (u - 0) 
the gas pressure has a maximum (0.56 MPa) at the axis. Parameters for this calculation are 
listed in Table 1. 
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25 

Figure 4. Comparison between the vertical velocity and the Poiseuille profile at the vent for the 
u - 0 exit boundary condition. The compressible flow has a larger velocity gradient at the wall. 
Parameters used in this calculation are listed in Table 1. 

allows an appropriate estimate of the ratio between the 
advection and viscous terms in the momentum equation 
(see Table 1). Thus at low Reynolds number the advec- 
tive terms can be neglected everywhere in the conduit. 

3.5. Mass Discharge Rate 

The mass eruption rate is slightly smaller than the 
value for an incompressible liquid with the same vis- 

12 

•, 10 

• 8 

• 6 

< 4 

u=O 

- - Zrz = 0 

5 10 15 20 25 30 

OVERPRESSURE IN THE MAGMA 

CHAMBER (MPa) 

Figure 5. Mass discharge rate as a function of chamber 
overpressure AP for the two exit conditions. Parame- 
ters for this calculation are H = 1000 m,/• = 106 Pa s, 
x0 = 0.5 wt %, and a = 25 m. The values are almost 
identical to those of an incompressible liquid with the 
same viscosity. 

cosity, as in the simplified analytical model of Massol 
and Jaupart [1999]. The difference is typically a few 
percent, because compressibility affects the flow over 
a small vertical distance and hence has little influence 

on the bulk momentum balance over the whole conduit 

length. For this reason the mass flux increases almost 
linearly as a function of chamber overpressure (Figure 
5), as in the incompressible case. The mass flux has the 
same dependence on conduit radius and magma vis- 
cosity as the incompressible solution, as shown by the 
results of Tables 2 and 3. 

3.6. Gas Overpressure at the Vent 

We find that magma viscosity does not affect the 
value of the exit pressure (Table 2), as predicted by 
the simple analytical model. The effect of conduit ra- 
dius on gas overpressure is smaller than implied by 
(22) (Table 3). This is due to the fact that, for bub- 
bly magma, compressibility increases with decreasing 
pressure. As the conduit radius is decreased, the mass 
flux decreases, which acts to decrease gas overpressure. 
However, the "local" value of compressibility simulta- 

Table 2. Effect of Magma Viscosity on Ascent Condi- 
tions for H - 1000 m, a - 25 m, x0 - 0.5 wt %, and 
for Zero Horizontal Velocity at the Vent 

Viscosity, AP, Mass flux, p(0, H), 
Pa s MPa kg s -1 MPa 

106 9.8 3.8 X 106 0.42 
107 9.8 3.8 X 105 0.42 
108 9.8 3.8 X 104 0.42 
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Table 3. Effect of Conduit Radius on Ascent Conditions for H 
1000 m,/• - 106 Pa s, and x0 - 0.5 wt % 

Boundary Radius, AP, Mass Flux, p(0, H), p(a, H), 
Condition m MPa kg s- • MPa lvIPa 

u = 0 5 7.1 4.3 x 10 a 0.27 0.10 
r•z: 0 5 7.2 4.4 x 10 a 0.20 0.80 
u = 0 25 8.9 3.38 x l06 0.56 0.10 
r•z = 0 25 9.8 3.8 x 106 0.42 1.5 

neously increases, which has the opposite effect. The 
end result is that, even for a low mass flux due to 
a small conduit radius, the values of gas overpressure 
remain significant. As expected, gas overpressure in- 
creases with the reservoir overpressure because of the 
induced increase of decompression rate (Figure 6). Set- 
ting bulk viscosity K to nonzero acts to impede bubble 
expansion further and hence to increase gas overpres- 
sure (Figure 7). 

Mass discharge rate depends on magma viscosity, 
conduit radius, and chamber pressure, but only the lat- 
ter two parameters are relevant for the magnitude of 
gas pressure at the vent. 

4. Volcanic Eruption Conditions 

We now discuss several effects which come into play 
in volcanic systems and which act on the magnitude of 
gas overpressure. 

4.1. Exit Boundary Conditions 

We have so far discussed one particular exit bound- 
ary condition (u - 0) which is not valid for an eruption 
which feeds a lava flow horizontal spreading away from 

the vent. For zero shear stress at the vent the solu- 

tion changes dramatically and exhibits large horizontal 
velocities. In the example of Figure 8 the horizontal 
velocity amounts to 30% of the maximum vertical com- 
ponent. The distributions of velocity and gas pressure 
in this particular solution are illustrated in Plate 1. Par- 
ticularly noteworthy is the fact that in the vicinity of the 
vent, pressure is maximum at the conduit walls. This is 
exactly the opposite of what is achieved with the u = 0 
boundary condition. At depth, however, the two differ- 
ent flows have the same features: gas pressure is largest 
at the conduit axis and horizontal velocity components 
are very small. 

The peculiar pressure distribution at shallow levels 
for the r•z: 0 boundary condition may be understood 
as follows. For zero bulk viscosity K, the continuity of 
normal stress reads 

40w 2(Ou u) p(r, h) - Pa + •lt'•Z -- •lt • + -- ß (27) 

Below the vent the flow accelerates (Ow/Oz > 0) and 
hence p > Pa. At the wall, u - w - 0, and hence 
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Figure 6. Gas pressure at the center of the vent as a 
function of chamber overpressure for the two different 
exit boundary conditions. 
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Figure 7. Radial pressure profiles at the vent for two 
different values of bulk viscosity K. Parameters used in 
this calculation are listed in Table 1. 
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Figure 8. Radial profiles of velocity at the vent for 
boundary condition rrz - 0. The horizontal velocity 
represents almost 30% of the vertical velocity. Param- 
eters used in this calculation are listed in Table 1. 

2 Ou 

p(a, h) - Pa •t•r r ß (28) 

The horizontal velocity must drop to zero at the con- 
duit walls, and hence Ou/Or •=a < 0, which implies 
that p(a, h) > Pa. In the example of Figure 9, the con- 
duit margins are almost brought back to the saturation 
pressure, which implies bubble resorption and compres- 
sion, and hence very small values of vesicularity. For 
a smaller conduit radius (5 m) the eruption mass flux 
is smaller and gas overpressures are smaller (Table 3). 
In this case, pressures at the conduit margins are not 
brought to saturation values but remain significantly 
larger than the atmospheric value (Table 3). The value 
of gas overpressure at the center of the vent increases 
as a function of chamber overpressure, as for the u - 0 
boundary condition (Figure 6 and Table 3). 

Figure 9 compares the horizontal profiles of gas pres- 
sure at the vent for the two boundary conditions for 
almost the same mass flux. Plates 2 and 3 compare the 
full distributions of gas pressure in the volcanic con- 
duit. A transition zone is shown on Figure 10 which 
occurs at the two thirds of the conduit where the veloc- 

ity changes from pointing toward the axis to pointing 
toward the wall. For the r•z - 0 exit boundary condi- 
tion, the flow field diverges toward the conduit edges. 
For the u - 0 exit boundary condition, horizontal ve- 
locities are small everywhere and the particle paths are 
almost vertical (Plate 2). 

Changing the exit boundary condition does not affect 
the qualitative features of the flow but affects the mag- 
nitude and distribution of gas pressure in the erupting 
lava. For spine growth or plug flow out of the vent, 
completely degasseal lava erupts only from the edges of 
the vent at the atmospheric pressure. For a lava flow, 
gas bubbles are overpressured everywhere at the vent. 

4.2. Variable Conduit Radius 

Comparing results for the two exit boundary condi- 
tions emphasizes the role played by expansion condi- 
tions at shallow levels. Thus one expects that they 
also depend on conduit shape. Consider for example a 
conduit which flares upward. For a comparison with a 
straight conduit we have used the same values of magma 
viscosity and initial dissolved water content. The distri- 
bution of gas pressure in the conduit has the same char- 
acteristics, with a zone of high values near the walls at 
shallow levels (Plate 4). The very shape of the conduit 
facilitates expansion and the end result is that gas over- 
pressures are smaller. This effect is obviously a function 
of the aperture angle for the conduit. Conversely, a con- 
duit which narrows upward leads to larger values of gas 
overpressure than a straight conduit. 

4.3. Variable Magma Viscosity 

Magma viscosity depends on the amount of dissolved 
volatiles. The above solutions emphasize large horizon- 
tal variations of gas pressure in the flow, which imply 
horizontal variations of dissolved volatile contents. In 

turn, such variations imply variations of magma vis- 
cosity, which are likely to influence flow behavior and 
expansion. We use an empirical equation from Hess and 
Dingwell [1996] 

log/• - [-3.545 + 0.833 In (x)] 

9601 - 2368 In (x) 
+ 

i- [195.7 + 32.25 In(x)]' 
(29) 

where x is the amount of water dissolved in weight per- 
cent and T is the temperature in kelvins (Figure 11). 
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Figure 9. Radial profiles of gas pressure at the vent 
for the two different exit boundary conditions. The two 
pressure profiles are totally different. The maximum 
overpressure is found at the edges for zero shear stress 
and at the center for zero horizontal velocity. Parame- 
ters used in this calculation are listed in Table 1. 
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Figure 10. Radial profiles of gas pressure and horizon- 
tal velocity at midheight in the computational domain 
for the two different exit boundary conditions. Note 
that the radial pressure gradient is positive in the re- 
gion where the horizontal velocity is positive. Parame- 
ters used in this calculation are listed in Table 1. 
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Figure 11. Liquid viscosity as a function of dissolved 
water content for a leucogranitic melt [from Hess and 
Dingwell, 1996]. Note the very large viscosity variation 
when water contents are less than about 1%. 

low levels. Changes of pressure in the magma chamber 
induce variations of mass discharge rate and gas pres- 
sure. Calculations were presented for a single volatile 
concentration of 0.5 wt %. For such small values of 

volatile content the compressibility of magma does not 
affect the mass flux because it only affects flow condi- 
tions at shallow levels over a very small portion of the 
total ascent path. However, it has important effects 
on eruption conditions because it may generate large 
values of gas pressure at the vent. For higher volatile 
concentrations, gas overpressures would be larger, as 

The dependence is strongest at small concentrations, 
and hence at small pressures, which is particularly rele- 
vant to the present study because it focuses on shallow 
processes below an eruptive vent. 

For comparison with the previous calculations, we 
have rescaled the above equation (29) so that it yields 
the same viscosity of 106 Pa s for the initial water con- 
tent of 0.5 wt %. The increase c f viscosity which occurs 
as degassing proceeds impedes e-,pansion and generates 
higher values of gas pressure •,nan in the constant vis- 
cosity case (Plate 5 and Fig,•re 12). 

5. Implications for Volcanic Eruptions 

5.1. Magnitude of Gas Overpressure at a Vent 

This study was not intended to duplicate a true erup- 
tion but to show how compressibility affects flow con- 
ditions and to identify key variables. The magnitude of 
gas overpressure depends on a host of effects and vari- 
ables such as the variation of magma viscosity due to 
degassing and the shape of the eruptive conduit at shag 
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Figure 12. Pressure profiles at the conduit exit in the 
case of variable and constant melt viscosity. Parame- 
ters of the calculations are listed in Table 1. Note that 
pressure is higher for the variable viscosity case which 
leads to a large increase of viscosity at shallow depths 
(low dissolved volatile content). 
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shown by the simple analytical model (equation (22)). 
The volume fraction of gas would also increase and the 
flow would eventually undergo fragmentation. In this 
paper, we have emphasized the difference between gas 
pressure, flow pressure, and the exterior pressure, and 
all questions regarding the behavior of the gas phase 
must be addressed with a compressible flow model such 
as ours. Neglect of gas overpressure implies an overes- 
timation of gas volume fraction and eruption velocity. 

For the same conduit radius and chamber pressure, 
two magmas with different viscosities are erupted with 
different mass discharge rates but the same values of 
gas overpressure. Thus when evaluating the explosive 
potential of an effusive eruption, knowledge of the mass 
flux is not sufficient. One may wonder whether signif- 
icant overpressures may be reached for the small mass 
discharge rates of effusive eruptions. For example, typ- 
ical values for the mass discharge at the recent Un- 
zen and Soufriere Hills eruptions were 4 x 10 3 kg s -1 
[Nakada et al., 1999; Robertson et al., 2000]. For the 
latter the conduit radius was about 30 m and the ini- 

tial volatile concentration was as large as 5 wt % [Mel- 
nik and Sparks, 2001]. A study of this specific erup- 
tion would require an investigation of many parameters, 
which is outside the scope of this paper. In particular, 
the large volatile concentration implies large values of 
gas content at the vent which were not observed, and 
one must probably invoke separated gas flow [Jaupart 
and All•gre, 1991; Melnik and Sparks, 2001]. For the 
sake of example, it is nevertheless useful to evaluate the 
value of gas overpressure for the parameters of this pa- 
per (H = 1000 m, a = 25 m, x0 = 0.5 wt %). For 
those the mass discharge of 4 x 103 kg s -1 may be ob- 
tained with a reservoir overpressure of 10 MPa and an 
average magma viscosity of 109 Pa s. Extrapolating the 
results of Table 2 to higher values of magma viscosity, 
we obtain an estimate of 0.4 MPa for gas overpressure 
at the vent. This estimate corresponds to a constant 
viscosity calculation for K = 0 and for the u - 0 exit 
boundary condition and hence must be considered as a 
lower bound. Such an overpressure is sufficient to drive 
a dome explosion [Fink and Kieffer, 1993]. 

15.2. Variations of Gas Overpressure During 
Eruption 

The dramatic effect of exit boundary conditions sug- 
gests that eruption conditions may be unsteady depend- 
ing on the behavior of lava above the vent. In early 
stages of dome growth, the free boundary condition 
(rrz = 0) probably provides the most realistic approx- 
imation of exit conditions. In this case, relatively de- 
gassed magma issuing from the conduit center gets em- 
placed on top of overpressured magma coming from the 
conduit walls. With time, the presence of a thick dome 
over the vent is likely to change the exit conditions. 
Dome growth may proceed internally, by emplacement 
of new lava inside the dome (endogenous growth), or 
externally by lava extruding at the top of the dome (ex- 

ogenous growth). Colder and partially crystallized lava 
offers strong resistance to horizontal spreading. The 
weakest region in a dome is at the top of the vent be- 
cause it is there that the lava pile is thickest and most 
efficiently insulated from the surroundings. This may 
act to channel the flow vertically, leading to exogenous 
growth. The u = 0 boundary condition is the most 
appropriate for this case and implies a strong horizon- 
tal pressure gradient across the plug, with a maximum 
at the center. At the surface, such a pressure gradi- 
ent implies lateral expansion, with the undegassed, and 
hence less viscous, center flowing outward. This may 
be responsible for the peculiar crease structures which 
characterize such phases of dome growth [Anderson and 
Fink, 1990]. In a dome, depending on its thickness, 
overpressured gas bubbles may expand during flow on 
the ground, which may account for explosions docu- 
mented at many volcanoes, most recently at Soufriere 
Hills, Montserrat, and Lascar, Chile [Matthews et al., 
1997]. One key effect is that for given conduit and 
magma composition, gas overpressures increase with in- 
creasing eruption rate. One may predict that in a time 
sequence of increasing eruption rate, dome explosions 
become more frequent. This has been documented dur- 
ing the recent eruption of Soufriere Hills, Montserrat 
[Cole et al., 1998]. 

The significant differences of gas overpressure be- 
tween the u = 0 and rrz = 0 exit boundary conditions, 
as well as the various regimes of dome growth, suggest 
that the coupling between the conduit and surface flows 
plays a key role. Such complex behavior probably can- 
not be adequately understood using a single exit bound- 
ary condition. One important effect to bear in mind is 
that different values of gas overpressure imply different 
values of volumetric discharge rate when the mass flux 
does not change. 

5.3. Mule Creek Vent, New Mexico 

At Mule Creek, New Mexico, it is possible to observe 
a fossil eruption conduit over a total vertical extent of 
300 m [Stasiuk et al., 1996]. Lava preserved inside this 
conduit fed a small lava flow or dome, part of which 
can still be seen today. Remarkable features of this 
unit are large horizontal variations of vesicularity and 
almost vesicle-free margins. The data cannot be ex- 
plained by simple equilibrium thermodynamic models 
for the known volatile content of the magma [Stasiuk et 
al., 1996]. $tasiuk et al. [1996] proposed that vesicu- 
lar magma was permeable and able to leak gas to the 
surrounding country rock, but there are several diffi- 
culties with this explanation, as discussed by Jaupart 
[1998]. The present study shows that gas may be signif- 
icantly overpressured and hence that equilibrium ther- 
modynamics are not appropriate. Furthermore, it pre- 
dicts that, in the case of horizontal spreading away from 
the vent, gas pressure increases, and hence vesicularity 
decreases, toward the conduit walls. In the examples 
shown in Plates 3 and 5, the model actually predicts 
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that at shallow levels all gas bubbles are resorbed near 
the conduit walls, exactly as observed at Mule Creek. 
Thus compressible effects offer an alternative explana- 
tion for the observations. 

6. Conclusion 

At pressures smaller than the saturation threshold, 
gas bubbles nucleate and grow in magma and induce 
large amounts of expansion. To solve for the flow of 
such a compressible viscous mixture, one must account 
for both horizontal and vertical velocity components, as 
well as for complex boundary conditions at the conduit 
exit and large variations of magma viscosity with dis- 
solved water content. To achieve these aims, a flexible 
finite element numerical code has been implemented. 
Numerical solutions demonstrate that significant val- 
ues of gas overpressure (i.e., larger than I MPa) may 
develop in effusive eruptions. Upon exit, there are 
large variations of gas overpressure depending on dis- 
tance from the conduit axis, implying the simultane- 
ous eruption of magma batches degassed to varying de- 
grees. For given conduit dimensions and magma compo- 
sition, the magnitude of gas overpressure is an increas- 
ing function of chamber pressure, and eruption rate. 
For given conduit dimensions, chamber pressure, and 
initial magma volatile content, gas overpressure is inde- 
pendent of magma viscosity. The solutions are sensitive 
to expansion conditions at shallow levels and depend on 
the flow regime away from the vent. Alternating phases 
of exogenous and endogenous growth should be char- 
acterized by different values of gas volume fraction in 
lava. 

Appendix A: Shell Model for a Mixture 
of Gas and Liquid 

We briefly repeat the main steps from Prud'homme 
and Bird [1978] to determine the behavior of a com- 
pressible mixture undergoing expansion. The mixture 
properties must be equivalent to those of a gas bubble 
surrounded by a shell of incompressible viscous liquid 
(see Figure A1). This analysis establishes the relation- 

Two phases model 
(gas bubbles surrounded Equivalent one phase model 
by incompressible liquid) (compressible mixture) 

Figure A1. Diagram illustrating a gas bubble sur- 
rounded by a liquid shell and the equivalent cell of com- 
pressible fluid. 

ship between the pressure of gas inside a bubble and 
the variables of the equivalent compressible fluid. 

A1. Spherical Cell of Compressible Liquid 

A compressible material whose rheological equation 
is given by (1) fills a spherical cell of radius R. Dur- 
ing expansion, velocity is purely radial and density is 
constant in the cell and hence 

P- Po •- ß (A1) 
Mass conservation and radial momentum conservation 

equations are 

•Pm 

Op 1 o 
at + (prv) -0, (A2) 

1 0 
r 2 Or (r2r•) + = o, (Aa) 

where vr is the radial velocity, •- is the stress tensor, 
and Pm is the pressure. From (A2) and (A1), 

r ß 

vr- •R. (A4) 
Using (A4), we obtain 

(A5) 

and (A3) leads to 

•Pm 
=0. (A6) 

The normal stress at the outer edge of the cell is thus 

[nrr]r=R -- Pm -- 3K•-. (AZ) 
A2. Gas Bubble in a Liquid Shell 

A spherical bubble of radius b is surrounded by a 
shell of incompressible liquid with viscosity/•t. In the 
incompressible liquid the governing equations are 

0 

Or (pr2v•) - 0, (AS) 

Opf O [1 O 
Integration of (A8) leads to 

-0. (A9) 

Vr 
R 2 b 2 

-/• (•-•)-•(•). (AIO) 
For this velocity field one finds again that Opf/Or -- O. 
At the liquid-gas interface, 

Pb -- •- + Pf q- 7'rr, (All) 
where pb is the pressure of gas in the bubble. This leads 
to 
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Pf = Pb 

[Hrr]r=R -- Pb 

2o' 

b 

2o' 

4•t l b3 , (A12) 

i•R2 ( b3) ---4•t 1 b3 1-•-• (A13) 

A3. Gas Pressure and the Second Viscosity 
Coefficient 

Identifying terms in the two normal stress expressions 
(A7) and (A13), we obtain 

2o- 

Pm- P•, b' (A14) 
4 1-a 

K = 3•t , (A15) 
where c• = b3/lzl 3 is the volume fraction of gas in the 
cell. For typical bubbles sizes, surface tension can be 
neglected. Bulk viscosity K introduces a difference be- 
tween gas pressure and the bulk flow pressure (see (3)). 
A key point is that the above reasoning does not depend 
on the mass of gas inside the bubble and can therefore 
be used for bubble growth driven by diffusion. Depend- 
ing on the diffusion coefficient and the decompression 
rate, volatile concentration may not be uniform in the 
liquid phase. Local thermodynamic equilibrium at the 
bubble wall implies that gas pressure depends on the lo- 
cal volatile concentration in the adjacent liquid as spec- 
ified by the solubility law. The average volatile con- 
centration in the liquid phase is larger than the local 
value at the interface. Thus if we define an effective 

gas pressure to be such that it corresponds to an equi- 
librium with the average volatile concentration, it is 
larger than the gas pressure in the bubble. In a rough 
approximation this effect can be accounted for by in- 
creasing the bulk viscosity coefficient K. In this sense 
therefore the estimates of gas overpressures given in the 
paper must be treated as lower bounds. For the rela- 
tively small decompression rates associated with dome 
eruptions, however, the assumption of bulk equilibrium 
between gas and liquid is valid [Lyakhovsky et al., 1996; 
Navon et al., 1998]. 

Appendix B' Finite Element Numerical 
Method 

B1. Weak Formulation 

Given œ a partial differential operator, we seek solu- 
tions u(x) for which 

œu = f (B1) 

at every x in 7•. Variable u(x) is as an element of a 
Hilbert space T/. We obtain an approximate solution: 

G 

(ha) 
i=1 

where N stands for a weighting function. The solution 
is not known everywhere in the integration domain but 
only at the nodes of the computational grid. Recalling 
the definition of the inner product, 

< u, v >- /• uv d7•, (B3) 
the weak solution 4 is obtained with the Petrov-Galerkin 

weighted residual method: 

<œ4-f,N>= 0. (B4) 

Here the weighting functions are identical to the inter- 
polation functions, except for the advection terms. For 
those the weighting functions are modified as follows in 
order to avoid artificial numerical diffusion [Brueckner 
and Heinrich, 1991]: 

7he (uONi wONi • (B5) Wi - Ni + 2-• k, •-•-r + •zz J ' 
where hc is the element size, IV] is the average velocity 
over an element, and coefficient -/is defined as 

A 2 

-/- coth • - X' (B6) 

A- pRelV he (B7) . 

The interpolation functions Ni are bilinear (Appendix 
C). For each rectangular element there are four weight- 
ing functions, and each conservation equation is written 
4 times in the form of (B4). 

From the governing equations, we obtain 

/•P ot 
/• Ou /• Ou - PU•rr W dfi - pW•zz W dfi, (B8) 

op op op 
øwv p 0 (ru) N d• - p d•, 

r Or Oz 
(BlO) 

where • is the integration domain. Using Green's the- 
orem, the two momentum equations can be rewritten 
as 
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p-•- N dR - (N•.ez) -n dF 

- pu •rr W dR - pw Oz 

-/• pgN 

(Bll) 

(B12) 

Table B1. Accuracy Tests 

Grid, Mass Flux, p(0, H), 
N• x Nz kg s- • MPa 

40 x 64 3.38 X 10 6 0.565 
80 x 128 3.37 X 10 6 0.564 

where M l is the lumped matrix. The physical meaning 
of this procedure is that the total mass of an element is 
distributed amongst the four nodes. With the lumped 
mass approximation, 

-1 l-1 
[M]• - M• , (B20) 

and (B13), (B14), and (B15) are simplified according to 
the following scheme: 

{Un+l} = {Un} q- A t[M1]-lSu . (B21) 

where F is the boundary of the integration domain. 
These equations are solved for each element. The 
boundary integrals need only be solved for the elements 
located at the boundaries of the computational domain, 
because they represent edge forces which cancel one an- 
other when two neighboring elements are considered. 
Equations (B10)-(B12) are written in matrix form as 
follows: 

[M].{•} - Sv, (B13) 

This approximation may not be accurate when solving 
for a true transient. Here, however, time is an artificial 
variable used to iterate toward steady state. 

B3. Accuracy and Convergence 

We have used two different convergence criteria. For 
each variable the absolute difference between two suc- 

cessive iterations was kept below a small threshold 
value, 

IXn+l- X•l < •1. (B22) 

[Ml.{•b } - Sw, (B14) 

[D].{)} = Sp, (B15) 

where Si stand the right-hand sides of (Bll), (B12), and 
(B10), respectively. Matrices [3//] and [D] are defined 
as follows: 

M u -/• N, Nj rifle. (B16) 
D u -/• N, N3pj df•e. (B17) 

B2. "Lumped Mass" Approximation 

In order to solve the above equations, one must invert 
two matrices. One time-saving procedure is to "lump" 
the mass matrices into diagonal matrices, such that the 
condition of mass conservation is satisfied [Pepper and 
Hein•ch, 1992; Zienkiewicz and Taylor, 1991]: 

• M•i - fn NN t d•. (B18) i • 

One technique is the row sum method, such that 

We have also verified that values of the mass flux at 

the top and bottom of the conduit, noted Qt and Q6, 
respectively, are very close to one another: 

Qb 
< •2. (B23) 

We have taken 51 -- 10 -8 and s2 - 10 -2. We further 
verified that results obtained with two different grids 
differ by less than 1% (Table B1). 

Appendix C' Interpolation Functions 

For a rectangular element with sides of lengths 11 and 
12 in the (r, z) directions we use a bilinear interpolation 
function •: 

(I)(r, 25) -- O•1 q- o•2r q- 0•325 q- (•4rz. (Cl) 

ß (c2) 

at node i. ß may be rewritten as a function of the four 
nodal values and four other bilinear functions called N1, 
N2, N3 and N4' 

M•i - Z Mij' (B19) 
J 

(I)(7', 25) -- N1 (7', 25)(I) 1 q- N2(I', 25)(I) 2 
+ Na(, + N4(, (ca) 
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such that 

1 

Ni(/•, z) -- 4/1/2 (/1 -/•)(/2 - z), 
1 

N2(r, z) - 41112 (/1 q- r)(12 - z), 
1 

N3(r, z) - 41112 (/1 + r)(12 + z), 
1 

N4(r,z) - 4111•(ll -r)(l• q- z). 

(c4) 

(c5) 

(C6) 

(c7) 

Notation 

/•0 

K 

pb 

P 

P0 

Pa 

Ps 

AP 

P 

Po 

Pl 

Pg 
x 

xo 

stress tensor, Pa. 
deformation rate tensor, S -1. 
identity tensor. 
velocity field, ms-- 1. 
vertical velocity component, m s-1 
horizontal velocity component, m s-1. 
shear viscosity of the magma q- gas mixture, Pa 

-1 
S . 

shear viscosity of the liquid, Pa s -1. 
shear viscosity of the saturated magma, Pa s-1. 
bulk viscosity, Pa s -1 
second coefficient of viscosity, Pa s -1. 
bulk flow pressure, Pa. 
thermodynamic pressure, Pa. 
gas pressure, Pa. 
pressure in the magma chamber, Pa. 
atmospheric pressure, Pa. 
exsolution pressure, Pa. 
overpressure in the magma chamber, Pa. 
surface tension, N m-• 
magma q- gas mixture density, kg m -3. 
saturated magma density, kg m -3. 
magma density, kg m -3. 
gas density, kg m -3. 
mass fraction of volatiles dissolved in the magma. 
initial mass fraction of volatiles dissolved in the 

magma. 

volume fraction of gas. 
compressibility, Pa- 1. 
conduit height, m. 
height of the compressible part, m. 
conduit radius, m. 
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